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Abstract

An automaton is a mathematical model of computing. It is an abstract model of digital computer.
Classical automata are formal models of computing with values. Fuzzy automata are
generalizations of classical automata where the knowledge about the systems next state is vague
or uncertain. It is worth noting that like classical automata, fuzzy automata can only process
strings of input symbols. Therefore, such fuzzy automata are still (abstract) devices for
computing with values, although a certain vagueness or uncertainty is involved in the process of
computation value. In this paper, we observe that, the fuzzy automata architecture is isomorphic
to the fuzzy graph model and using fuzzy graph we will describe the three basic models of fuzzy

automata.
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1. Introduction

Finite automata are simple but important models of computation and have great practical
importance, with significat applications such as in software engineering, lexical analysis, the
description of natural languages and, the programming languages.

As the complexity of a system increases, our ability to make precise and yet significant
statements about its behavior diminishes until a threshold is reached beyond which precision and
significance (or relevance) become almost mutually exclusive characteristics. The real world is
fuzzy, and fuzziness in the world generally arises from uncertainty in the form of ambiguity.
Usually we accept the happening either with acceptability or for denies. In mathematical terms
either 0 or 1, either yes or no. but we can’t refuse with the fact that there are a lot of cases rather
than crispness. For example if we say a person is tall. It is not precise to say only yes or no. it
also matters what height he has and up to what height he can be verified him as a tall man.
Problems featuring complexity and ambiguity have been addressed subconsciously by humans
since they could think. These ubiquitous features pervade most social, technical and economic
problems faced by the human race. Why there are computers, which have been designed by
humans’, not capable of addressing complex and ambiguous issues. Humans have the capacity to
reason approximately, a capability that computers currently do not have thoroughly. With the
help of fuzzy logic we now try to make computers more intelligent in solving complexity and
ambiguity. Due to this fuzzy automata play important role in today life.

We are first introduced with the notion of fuzzy finite automata. Afterwards, there were many
authors such as Santos, Thomason et al., and Zadeh who have contributed to this field. Fuzzy
finite automata have many important applications such as in learning systems, pattern
recognition, and data base theory. In addition, they have been used to solve meaningful problems

such as intelligent interface design, clinical monitoring and, neural networks.

2. Preliminaries

In section basic concepts of fuzzy set and fuzzy graph are discussed with finite automata.
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Definition 2.1: A fuzzy set A defined on a non empty set X is the family A = {(x, na(X))/xe X}
where pa: x—1 is the membership function. In fuzzy set theory the set I is usually defined as the
interval [0, 1] such that pa(x) =0 if x does not belong to A, ua(x) = 1 if x strictly belongs to A and
for any intermediate value represents the degree in which x could belong to A, the set I can have
any value between 0 and 1. pa(x) < pa(xy) indicates that the degree of membership of x to A is

lower than the degree of membership of x;.

Definition 2.2: Let us define three fuzzy setsA, Band C on the universe X. For a given

element x of the universe,

Union: u;\ué(x) =u_(x)v pé(x)

A

Intersection: W (x)=p_(x)Ap_(x)

AnB A B

Complement: p_(x)=1- u;\(x)

A
Where v represents maximum and A represents minimum value.

Definition 2.3: Suppose the input universe is composed of the Cartesian product of many

universes. The mapping f is defined on the power set of this universe as
FP(Xy x Xgx - x X)) — P(Y).
Let the fuzzy sets A;,Ay, . . . ,An be defined on X3,X5, . .., X, then B =f (A1,Az, ... ,An).

The membership function of B is defined as

He(y) =  max n){min [Ma1(X1), Haz (X2), - - ., Han (Xn)]}

y="f(x1,x2,..... Xi

This equation is usually called the Zadeh’s extension principle.
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Definition 2.4: o cut set of fuzzy set A is defined as A, is made up of members whose
membership value is not less than aA, ={ X € X | pa(X)> a.}. a cut set of fuzzy set is crisp set. In

this paper, o cut set depend on vertex and edge membership value.

Definition 2.5: Blue et al. have given five types of graph fuzziness .Fuzzy graph is a graph Gg
satisfying one of the following types of fuzziness (G of the i type) or any of its combination:
(i) Gk ={G1, G, , G3, ..., G } where fuzziness is on each graph G;.
(i1) G2 ={V, Er } where the edge set is fuzzy.
i) Grs = {V, E(tr, hg ) } where both the vertex and edge sets are crisp, but the edges have fuzzy
heads h(e;) and fuzzy tails t(e;))
ivV) Ggg = {VE, E } where the vertex set is fuzzy.
(V) Grs = {V, E(wg ) } where both the vertex and edge sets are crisp but the edges have fuzzy
weights.
Let V be a finite nonempty set. The triple G= (V, o, W) is called a fuzzy graph on V where p and
o are fuzzy sets on V and E (V x V), respectively, such that pu({u, v}) < min{o(u), o(v)} for all u,
VE V.
Note that a fuzzy graph is a generalization of crisp graph in which

p(v)y=1foralveV

=0 otherwise
andp (i,j)=1if(i,j) €E
=0 otherwise

so all the crisp graph are fuzzy graph but all fuzzy graph are not crisp graph.
Now we will define some basic concept of Automata models those are used in this paper.

A finite automaton has a set of finite states and its control moves from state to state in response
to external inputs. It is called finite automata since it has finite number of states in its system.
Finite automata are of two types, deterministic finite automata (DFA) and non-deterministic
finite automata (NFA). In deterministic finite automata the control cannot be in more than one
state at one time where the NFA has the additional choice of making a transition from one state
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to another spontaneously, i.e. it may be in several states at once. Adding non-determinism does
not let us define any language that cannot be defined by deterministic finite automata, but there
can be substantial efficiency in describing an application using a non-deterministic automaton. In
effect, non-determinism allows us to “program” solutions to problems using higher level

languages. These automata accept nothing but regular languages.

Definition 2.6: A DFA can be analyzed by 5-tuple M= (Q, X, 3, qo, F), where
(1) Q is the finite non-empty set of states
(i) Z is the finite set of input symbols

(i1i)o is the function which maps Q x X into Q and is usually called direct transition function,
that takes as arguments a state and an initial symbol and returns a state.

(iv) go € Q, is the start state.

(v) FcQ is the set of final states.

Definition 2.7: An NFA is a 5-tuple M= (Q, X, 8, qo, F), where all symbols have their usual
meanings as in DFA but 6 differs as it is the transition function mapping from Q x X into 2°

which is the power set of Q, the set of all subset of Q.

Using a crisp graph we can describe any automata. This type of graph is known as transition

graph.

Definition2.8: A transition graph or a transition system is a finite directed labeled graph in
which each vertex (or node) represents a state and the directed edges indicate the transition of
a state and the edges are labeled with input/output.

A typical transition system is shown in fig.1. In the figure the initial state is represented by a
circle with an arrow pointed towards it, final state by two concentric circles, and the other

states are represented by just a circle. Edges are labeled by input/output (e.g. by 1/0 or 1/1).

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



2013

March LESVIERRTTS T PPV SSN : 2320-0294

For example , if the system is in state qo the input 1 is applied, the system moves to state g,

as there is a directed from qo to q; with label 1/0. It outputs 0.

0/0

Fig.1: Finite Automata

3. Fuzzy-finite automata:
Definition 3.1:

A fuzzy-finite automaton has 5-tuple M= (Q, X, 3, qo, F), where Q, X and qo are as in finite

automaton and 6 and F appear as follows:

(1). F is the fuzzy subset of Q, called the fuzzy set of final states and for each q € Q, F ()
indicates intuitively the degree to which q is a final state.

(ii). o is a transition function mapping from Q x X in F (Q), the set of all fuzzy subsets of Q. For
any q € Q, 6 (q,a) is fuzzy subset of Q and it may be seen as the possibility distribution of the
states that the automaton in the state g and with input a can enter. More generally, for each q” €
Q, 8 (q,a)(q’) is the possibility degree to which the automaton in state q and with input a may

inter in the state q’.
Definition 3.2:

Let M= (Q, X, 8, qo, F), be a fuzzy-finite automaton.
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(i). the transition function 6 is extended to 8: Q x £*—F (Q)

1
5(‘1»5):—
q

5 (q,wa)=J [5@aw)(p)s(pa)l

for w € £* and a € X, where o Is a singleton in Q, i.e., the fuzzy subset of Q with membership
q

1 at g and 0 membership value for all other elements of Q. In addition, 5(g, w)(p).5(p,a) stands
for the scalar product of the fuzzy set &(p,a) with parameter &(qg,w)(p).

(ii). for any w € X*, the length to which w is accepted by M is
L(M, w) =height(5(qo,w)NF).

(ii1). The language L (M) accepted by M is a fuzzy subset of X* and it is defined by
L(M)(w)=L(M, w) for all w € X*.

A much more convenient way to calculate 6(q, w) for q € Q and w € X* is presented in the

following lemma.

Lemmal. Let M= (Q, X, §, qo, F), be the fuzzy finite automaton, qo€Q and @,,8,,...... ,a.ex.
Then, foreachp € Q

8 (qa a 1 a 2oeeenns ) a n): M ql, q2, .....,qn—1€Q- mln [S(q, a 1)(q1): 8((11, a 2)(q2)3- ceey S(qn-l, a n)(p)]
Proof: It is easy by induction on n.

Definition 3.3: Let M= (Q, X, 3, qo, F), an FFA, then we may extend & to a function from
Q x F (2) into F (Q), which is still denoted as 8, with Zadeh’s extension principle:

s@ A=, [A@saa)]
ie,

5(q, @)(q)=V a<= MN[A@),5(a,2)(a)]
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Foranyq€ Q,A€ F(X)and q’ € Q.
Furthermore & can be extended as follows:
0: F(Q) x F(2) — F(Q)

5 (p, &)= UqGQ[P(a)ﬁ(q,a)]

For any P € F (Q) and A € F(Z) and

6: F(Q) x F(X*) — F(Q)

3(p,e)=P

5 (P,WA) = 5(3(P,W),A)

where PEF(Q), WEF(Z*) and AEF(Z).

Definition 3.4 .If M= (Q, X, 3, qo, F), is a fuzzy automaton and W € F(X*), then the degree to

which M accepts W is defined as follows :
L (M, W) = height (8(qo,w) N F).

The word language Lw(M) accepted by M is a finite subset of F(X*) and it is defined by
Ly(M)(W) = L(M,W) for any W € F(*).

Note: Definition 2 deals with strings of values whereas Definition 3 &4 are for strings of words.
We now present an example to explain the notions that we have used so far.

Example 3.1 .Assume that Q = {qo, 01} and X = {0, 1, 2}. Consider FFA M= (Q, X, 3, qo, F), in
03 1
_+_

which F= 40 al

and o is given as
6(q0,0) = (90 ,0.7)

0(qo,1) ={(00,0.3),(q1,0.4)}
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8(q0,2) = (01,0.2)

6(91,0) =(q0,0.2)

3(q1,1) =(q1,0.3)

8(q1,2) ==(qo,0.4)

Now we solve for the string 120
8(q0,1) = {(00,0.3),(a1,0.4)}

8(q0,12) = 0.3.8(q0,2) | Jo.4s 8(q1,2)
={(91,0.2),(qo 0.4)}
8(q0,120) = 0.2. 8(q1,00 U4 5(q0.0)

={(91,0.4),(q0,0.2)}

6(qo,120) N F = qo,0.2),(01,0.4)}

and the degree to which string 120 is accepted by M is L(M,120) = 0.2 v 0.4 =0.4

Fuzzy transition table: For any fuzzy automata finite state and input both can be a fuzzy set.
But in this example state are fuzzy set but input are not fuzzy. We can represent this transition

function as transition table which is not crisp.
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Present Input Input Input
State
a=0 a=1 a=2
—qo (90,0.7) | {(00,0.3),(91,0.4)} | (91,0.2)
01 (00,0.2) (91,0.3) (00,0.4)

Tablel: Fuzzy transition table

Fuzzy graph model for finite fuzzy automata: Graphs are simply model of relation. A
graph is a convenient way of representing information involving relationship between
objects. The objects are represented by vertices and relations by edges. In many real world
problems, we get partial information about that problem. So there is vagueness in the
description of the objects or in its relationships or in both. To describe this type of relation,

we need to design fuzzy graph model.

Automata can be represented by a directed graph. The vertices (denoted by single circles) of
a transition diagram represent the states of the Automata and the arcs labeled with an input

symbol correspond to the transitions. An arc (p, q) from vertex p to vertex q with label

o represents the transition & (p, o) = q

In fuzzy automata can be represented by directed fuzzy graph (G). G= (V, o, W) is called a
fuzzy graph on V where ¢ and p are fuzzy sets on V and E (V x V), respectively, such that

H({u, v}) <min{c(u), o(v)} for all u, ve V.

For our example, we consider the fuzzy graph whose vertices are fuzzy but edges are in crisp.

H({u, v}H=1
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and 1>0(V)>0

Graph for above Fuzzy-automata transition can be given as follows

“, 0.3)

Fig.2: Fuzzy-finite automata

As we can observe from the above graph that there is no concept of final state since every
string is accepted by some fuzzy membership value. There may be more than one transition
for same input from the same state and all these transitions should be considered

simultaneously.
4. Fuzzy Mealy Machine and Fuzzy Moore Machine:

The finite automata which we consider earlier have binary output, i.e. they accept the string or
the do not accept the string, and in FFA the y accept the strings with some membership values.
The acceptability was decided on the basis of reaching to the final state by starting from the
initial state. Now we remove this restriction and consider the model where the output can be
chosen from some other alphabet. The value of the output function Z(t) in the most general case
if the function of the present state q(t) and present input x(t), i.e. ,
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Z(H =% (q® , x(1)

where A is called the output function. This generalized model is usually called Mealy machine. If
the output function Z(t) depends only on the present state and is independent of the current input,

the output function may be written as
Z(t) = Mq(®)
This restricted model is called Moore machine.
Fuzzy-Mealy machine
The Fuzzy-Mealy machine has 6-tuple M= (Q, Z, A, 8, A, qo), Where
(i) Qisa finite set of state ;
(ii) X is the input alphabet ;
(iii) A is the output alphabet ;
(iv)d is the transition function from X x Q into Q ;

(V) A is the output function from X x Q into F(A) where F(A) is the fuzzy transition function

into A ; and
(vi)qo is the start state .
Now let us present an example to solve a fuzzy Mealy machine problem as follows:

Example 4.1. Assume Q = {01, 92, 03, 04}, X =1{0, 1}, and A= {0, 1}. Consider a fuzzy Mealy

machine M= (Q, X, A, 3, A, qo), which has an output fuzzy transition function given as follows:

0.2 0.3
Mqu0) =22+ 93
(q,0) 0 1

0.2
Manl) =22
(q1,1) 1
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Mq2,0) :%4
Maz,1) :0T7
Mq3,0) :O_:i_4
Mqs.1) :OT“J, ?
Mqs,0) :O_i6
Mqa1) :%44, %

And the transition table is given as follows:

Present Next State
State a=0 a=1
State Output State Output
—a % | 02,083 | @ 02
0 1 1
0 0 04 G 07
1
% % 04 G | 04,03
1 0 1

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



March LESVIERRTTS T PPV SSN : 2320-0294

2013

Qa s 06 s 0405
1 0 1

Table2: A Fuzzy Mealy Machine

And the transition graph can be given as follows

Fig.3: Fuzzy Mealy Machine

Now let us solve for a string 01110.

As we can observe from the above transition table, the transition of state is given by

1—qz—q1—q2—qs—q4 and the output can be given by the fuzzy transition

max[mm{(%+%(%4+%( )(—)(—)}]

-max[mun{(%+°—f)(%+?)( )(—)(—)}]
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=max [ mln(062,0.4,) N mln(0.3,0.3,0.2,0.7,0.6)]

1

_ 0.2 0.2
=max [—+—1]
0 1

=0.2v0.2
=0.2

The output string is accepted by the fuzzy membership value 0.2.

Fuzzy Moore machine
The fuzzy Moore machine has 6-tuple M= (Q, Z, A, 8, A, qo), Where
(1) Qis a finite set of state ;
(i) Z is the input alphabet ;
(iii) A is the output alphabet ;
(iv)d is the transition function from X x Q into Q ;

(V) A is the output function from Q into F(A) where F(A) is the fuzzy transition function into
A ; and

(vi)qo is the start state .

Now let us present an example to solve a fuzzy Mealy machine problem as follows:

Example 4.2. Assume Q ={qo, 91, 02, 93}, X=1{0, 1}, and A= {0, 1}. Consider a fuzzy Mealy
machine M= (Q, X, A, 4, A, qo), Which has an output fuzzy transition function given as follows:

04 0.3
N = +
(qo) ot
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0.8
Iy =_"
(q) 0
04 0.2
= 4+
(q2) T 0
0.7
Iy =_
(93) 1

and the transition table is given as follows :

Present State Next State Output (1)
a=0 a=1
— B @ 04,03
0 1
01 d: 02 0.8
0
02 @ | G 04,02
1 0
03 03 Jo 9.7
1

Table3: A Fuzzy Moore Machine

And the transition graph for Fuzzy-Moore machine can be given as follows:

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



March LESVIERRTTS T PPV SSN : 2320-0294

2013

Fig.4: Fuzzy Moore Machine

Now let us solve for a string 00111.

As we can observe from the above transition table, the transition of state is given by

Jo—q3—q3—qo—q1 —q2 and the output can be given by the fuzzy transition

max[min{(%4 +%),(OT7),(OT7),(% +?),(%),(0—i4 +¥)}]

_ . 04 03,,07,,07,,04 03,,08,,04 0.2
_max[mm{(T+T)’(T)’(T)’(T+T)’(T)’(T+T)}]
min(0.4,040802)  min(0307.07.0304)

0 1

= max[

_ 02 0.3
=max[— +—1]
0o 1

=0.2v 0.3
=0.3

The output string is accepted by the fuzzy membership value 0.3.
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As we can observe from both above tables, for a Moore machine and for a fuzzy Moore machine
as well, if the input string of length n, for output it takes n+1 transitions, i.e., the output string is
of length n+1. The first output is A(qo) for all output strings. In the case of Mealy machine and
for fuzzy Mealy machine if the input string of length n, for output it takes also n transitions, i.e.,

the output string is also of length n.

Conclusion:

Until now the power of fuzzy graphs has not exploited in fuzzy automata theory. Also different
fuzzy automata have different underlying topologies, so it is more convenient and flexible to
utilize fuzzy graph theory when analyzing and designing fuzzy automata. Once the fuzzy graph
model for a specific problem is obtained, we can directly go for the corresponding topology of
fuzzy automata model. In this way fuzzy graph can be drawn for fuzzy Mealy and fuzzy Moore
machine and transition table can also be represented as well. We try to apply those fuzzy

automata in real world problem.
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